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Abstract

Krasnoselskii-Mann iterations constitute a class of fixed
point iterations combined with relaxations, employed to
approximate fixed points of (quasi-)nonexpansive oper-
ators. We present a study of a family of such itera-
tions combining different inertial principles into a sin-
gle framework. We provide a systematic, unified and
insightful analysis of the hypotheses that ensure their
weak, strong and linear convergence, either match-
Ing or improving previous results obtained by analysing
particular cases separately. We also show that these
methods are robust with respect to different kinds of
perturbations—which may come from computational er-
rors, intentional deviations, as well as regularisation
or approximation schemes—under surprisingly weak as-
sumptions on the magnitude of the perturbations. Al-
though we mostly focus on theoretical aspects, a numer-
ical illustration based on the image inpainting problem
reveals possible trends in the behaviour of these types
of methods.

Introduction |

et # be a real Hilbert space. Krasnoselskii-
Mann iterations approximate fixed points of a (quasi-
)nonexpansive operator T : H — H, by means of the
update rule

Tre1 = (1 — Ap)zp + M1z,
where \; € (0,1) IS a relaxation parameter.
The purpose of this work is threefold:

1. Provide a systematic and unified analysis of the con-
vergence of the sequences produced by means of ad-
dition of Nesterov acceleration [2] and Polyak’s heavy-
ball momentum [3],

2. Establish the extent to which these iterations are sta-
ble with respect to perturbations,

3. Account for diagonal algorithms represented by a se-
guence of operators.

To this end, we study the behaviour of sequences gen-
erated iteratively by the set of rules

/

Yk = xp+ agp(xp — 1) + €
g 2k = xp+ Oulwr — zr_1) + pr (1)
T = (1= M)yk + MeThzr + O,

where T : H — H, ag, Bk, A € [0, 1], and ey, pg, 0, € H for
E>1,and zg, z; € H.

| Convergence Analysis |

Weak Convergence

We say a family (7}) of operators is asymptotically demi-
closed (at 0) if, for every sequence (u;) In H, such that
U — U and Trup — up — 0, It follows that u ¢ ﬂk21 FIX(Tk)

Theorem 1Llet T,: H — H be a family of quasi-
nonexpansive operators such that

F =) Fix(T}) # 0.
k>1
Suppose suitable conditions on the parameters hold,
and assume the error sequences (c;), (pr), and (6y)
belong to ¢*(H). Assume, moreover, that (I — Ty) is
asymptotically demiclosed at 0. If (x;, vy, z;) IS gener-
ated by Algorithm (1), then (xy, yi, zx) converges weakly
to (p*, p*,p*), with p* € F.

Strong Convergence

Theorem2Llet T,: H — H be a family of quasi-
contractive operators such that Fix(T,) = {p*}. Sup-
pose suitable conditions on the parameters hold, and
assume the error sequences (¢;), (pr), and (6;) belong
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to 02(H). If (x1, yi, z) IS generated by Algorithm (1), then
(z, yr, z) converges strongly to (p*,p*,p*). Moreover,
D het e = p¥[|7 < oo,
Ife,. = p. =0, =0, then there exist ) < 1 and C > 0 such
that

lzx —p*|” < C- Q"

for all k > 1.

Operators Not Sharing a Fixed Point

Our results can also be applied when ., Fix(T;) = 0,
if instead we are interested in the Kuratowski lower limit
of the family (Fix(7})). This set, which we denote by
F., consists of all p,, € H for which there is a sequence
(pr), such that p, € Fix(T,) for all £ > 1, and p; — p.
We say that (T) nicely approximates F,, if v, — u and
Tru, — u, — 0 together imply v € F.

Based on Theorem 1, we obtain the following general-
Ization:

Corollary 3 Let T,: H — H be a family of quasi-
nonexpansive operators that nicely approximates F,, +#
0. Suppose suitable conditions on the parameters hold,
and assume the error sequences (), (pi), and () be-
long to ¢'(H). Assume moreover that there exists a se-
quence (p;.) with p, € Fix(T,) and (p;, — pi—1) € (*(H). If
(zr, yr, 21) IS generated by Algorithm (1), then (xy, yi, zr)
converges weakly to some (p*, p*, p*), with p* € F.

Similar ideas allow us to formulate the following gener-
alization of Theorem 2:

Corollary4 Let T,: H — H be a family of quasi-
contractive operators such that Fix(T;.) = {p:}, with p, —
p*and (p.—p._1) € (*(H). Suppose suitable conditions on
the parameters hold, and assume the error sequences
(ex), (p), @and (6,) belong to (*(H). If (xy., yi, zx) IS gener-
ated by Algorithm (1), then (z;., yi, z;) converges strongly
to (p*,p*, p*). Moreover, >, ||z, — p*||* < cc.

‘ Numerical Results |

Consider the image inpainting problem: We represent
an image X of M by N pixels by a tensor in H =
0, 11"*¥>3 " in which the three layers represent the red,
green and blue colour channels. Denote by A the lin-
ear operator that maps an image to an image whose
elements in the corrupted positions have been erased.
The image inpainting problem is described by

. 1 )
)I(Ilél% {§”X o XcorruptH + O-HX(l)H* -+ O-HX(Q)H*} :

where o > 0 is a regularisation parameter, X =
X4 X Xog), X = [X4, X5, XE] and || - ||, denotes
the nuclear norm. This problem can be described by
a fixed point problem of the family of operators (7;) [1]
given by

1y =1 — kaB + kaA © (2‘])%3 — I —ppCo J,OkB)7

where A=0f, B=030g, C =V(hoL), for f(X) = o| Xyl
g(X) = O'”X(Q)H*, h(X) = %”X — Xcorrupt”2 and L = A, and
can hence be solved by Algorithm (1).

The image to be inpainted has dimensions 512 x 512 pix-
els. We select a regularisation parameter of o = 0.5 and
corrupt the image randomly, with 50% of pixels erased.
We always set X, = X = Xcorrupt-

We set p. = p =18 and A\, = X = 0.8, and add no per-
turbations (other than possible rounding errors by the
machine). We run multiple versions of the algorithm,
corresponding to different inertial schemes: no inertia,
Nesterov, Heavy Ball, and reflected. In each case, we
pick o and g such that the conditions in Theorem 1 are
tight, and then select

S P

The visual results are depicted in Figure 1. The conver-
gence plots are presented in Figure 2
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Figure 1: Visual results for 50% corruption, with the pa-
rameters c = 0.5, p = 1.8 and \ = 0.8.
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Figure 2: Convergence plots for 50% corruption, with the
parameters o = 0.5, p = 1.8 and A = 0.8.
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